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In thermodynamics a macroscopic state of a system results from a number of its microscopic states. 
This number is given by the exponent of the system’s entropy exp(S'). In non-interacting systems 
with discrete energy spectra, such as large scale quantum dots, S' as a function of the temperature has 
usually a plateau shape with integer values of exp(S) on these plateaus. Plateaus with non-integer 
values of exp(S) are fundamentally forbidden and would be thermodynamically infeasible. Here we 
investigate the entropy of a non-interacting quantum dot coupled via tunneling to normal metals 
with continuum spectra as well as to topological superconductors. We show that the entropy may 
have non-integer plateaus if the topological superconductors support weakly overlapping Majorana 
bound states. This brings a fundamental change in the thermodynamics of the quantum dot whose 
specific heat cv acquires low temperature Majorana peaks which should be absent according to 
the conventional thermodynamics. We also provide a fundamental thermodynamic understanding 
of the transport properties, such as the linear conductance. In general our results show that the 
thermodynamics of systems coupled to Majorana modes represents a fundamental physical interest 
with diverse applications depending on versatility of possible coupling mechanisms. 

PACS numbers: 74.45.+c, 74.25.Bt, 65.40.gd, 74.78.Na, 74.55.+v 


I. INTRODUCTION 


Majorana fermions [T], particles identified with their 
own antiparticles, have recently received a considerable 
attention in condensed matter physics after the seminal 
Kitaev’s proposal [5] of a spinless chain model which 
could be realized using a topological superconducting 
state especially in mesoscopic setups mm- 

In particular, topological insulators mm in combina¬ 
tion with s-wave superconductors are natural candidates 
for a practical implementation [ZlIH] of the Kitaev’s model 
because the edge states in topological insulators provide 
a single pair of the Fermi points. 

Another practical implementation [9l [10] of the 
Kitaev’s model is based on spin-orbit coupled one¬ 
dimensional quantum wires placed in an external mag¬ 
netic field freezing out one spin component. When this 
effectively ’’spinless” system is proximity coupled to an s- 
wave superconductor, the one-dimensional wire becomes 
a topological superconductor implementing the Kitaev’s 
model. 

As soon as the the Majorana bound states are created 
there appears the question how to experimentally detect 
them. Since these are zero energy modes of a mesoscopic 
system, it is natural to try to detect them by applying a 
bias voltage to this mesoscopic system and measuring the 
current flowing through it. The differential conductance 
then should have a maximum at zero bias. This has been 
done in Ref. m and signatures of the presence of the 
Majorana fermions in the system have been reported. 

An alternative possibility to detect Majorana fermions 
is to couple the system supporting Majorana bound 
states to a normal system via tunneling. The Majorana 
fermions are then entangled with normal fermions chang¬ 
ing drastically the behavior of the initially normal sys¬ 
tem. This approach was used in Ref. m where the nor¬ 



FIG. 1. Schematic picture of the setup. The quantum dot 
here represents a non-interacting system with a discrete en¬ 
ergy spectrum. It is coupled via tunneling junctions to left 
and right normal metallic contacts (in general the number of 
normal contacts may be arbitrary) whose energy spectra are 
continuum. The strength of this tunneling coupling is char¬ 
acterized by the energies Tl.r (see the text for the details). 
Besides, the quantum dot is coupled to a topological super¬ 
conductor whose ends support two Majorana bound states 
described by the second quantized operators 71,2. This tun¬ 
neling coupling is realized via only one Majorana mode 71 and 
is characterized by the energy 7 (see the text for the details). 


mal system was a non-interacting quantum dot as well 
as in Refs. [SHU] where the normal system was a quan¬ 
tum dot with interactions. In both interacting and non¬ 
interacting cases the emphasis was made on the trans¬ 
port properties of the quantum dots coupled to topolog¬ 
ical superconductors. The differential conductance was 
calculated and the zero bias Majorana peak was found. 
In the interacting case an interplay between the Majo¬ 
rana and Kondo physics was investigated calculating in 
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addition to the current also the shot noise which is the 
current-current correlation. 

Below we adhere to that alternative strategy but in¬ 
stead of the transport properties of a system coupled to a 
topological superconductor (or to several topological su¬ 
perconductors) we focus on the thermodynamics of this 
system and calculate its entropy S and specific heat cy- 
We demonstrate that 1) S as a function of the temper¬ 
ature has a plateau shape with integer values of exp(S') 
on these plateaus in the absence of the topological su¬ 
perconductor or when the two Majorana modes within 
each topological superconductor strongly overlap but 2) 
acquires additional plateaus with non-integer values of 
exp(iS') when only one Majorana mode from each topo¬ 
logical superconductor is entangled via tunneling mech¬ 
anisms with the normal fermions in the quantum dot. 
These additional plateaus excite in the temperature de¬ 
pendence of cv 3) additional Majorana peaks being its 
first low temperature peaks. 

Crucially, as it will become obvious from the text be¬ 
low, this alternative approach is very attractive from the 
point of view of experimental thermodynamic signatures 
of Majorana fermions because the quantum dot can be 
viewed just as a model of a low energy spectrum of an 
arbitrary hnite (discrete energy spectrum) macroscopic 
system coupled via tunneling mechanisms to topological 
superconductors. Therefore, our results are quite general 
and simple to detect in modern experiments. This is in 
contrast to setups [MIH] where the Majorana thermody¬ 
namics requires specific Kondo spin-flip correlations with 
the Hamiltonian parameters hne tuned which is difficult 
to implement in real experiments as well as in contrast 
to setups with more ingredients such as the Josephson 
vortex dynamics |19j which complicates the experimen¬ 
tal observation of the Majorana physics and in contrast 
to setups with only continuum spectra [ID] where the en¬ 
tropy as a function of the temperature does not have a 
plateau shape and, therefore, it is impossible in a realistic 
experiment (always performed at hnite temperatures) to 
disentangle the Majorana and normal fermions contribu¬ 
tions to the entropy. 

The paper is organized as follows. In Section]^ we dis¬ 
cuss a setup with Majorana tunneling processes involved 
and calculate its entropy. The thermodynamic results 
are presented and analyzed in Section [ml With Section 


IV we conclude the paper. 


II. MAJORANA THERMODYNAMICS 

The system under investigation is shown in Fig. 

The quantum dot represents a system with a discrete 
energy spectrum. In the present study we consider a 
non-interacting quantum dot and, therefore, its Hamil¬ 
tonian has the form Hqp = X)q a' where a is 

a single-particle index. The quantum dot is coupled to a 
number (two in the hgure but can be arbitrary) of nor¬ 
mal metallic contacts with continuum spectra via normal 


tunneling Hcd = where 

ki is the set of quantum numbers characterizing the con¬ 
tact with the number 1. The contacts are assumed to be 
non-interacting, Hq = Z]z=l,r Efc* 
tion to the normal tunneling the quantum dot is coupled 
via another tunneling mechanism to a topological super¬ 
conductor characterized by the two Majorana modes 
yj = y^, y| = I, j = 1,2. This Majorana tunneling [21] 
involves only one Majorana mode yi, and has the form 
^DM = + ^-C.. The effective low energy 

Hamiltonian of the topological superconductor is given in 
terms of the two Majorana modes, where 

^ is the energy characterizing the overlap strength [5] 
of the two Majorana bound states. This implies, simi¬ 
lar to many other works on Majorana physics (see, e.g., 
Refs. [TD] and [H]), that we consider energy scales (tem¬ 
perature, tunneling rates, etc.) much smaller than the 
superconducting gap A. 

To find the entropy of the quantum dot we construct 
the field integral in imaginary time [22] for the total par¬ 
tition function Ztot) transform it into a skew-symmetric 
form, integrate out all the fermionic degrees of freedom, 
compute the Pfafhan of the matrix of the imaginary time 
action and obtain the quantum dot partition function as 
Z = ZtotjZc, where Zq is the partition function of the 
normal metallic contacts. 

For the thermodynamic potential H = — ln.Z//3 we 
then obtain 

H = Hts + ^ ^lndet[0ja,i/„'(w„)], (1) 

^ n>0 


where Hts is the thermodynamic potential of the isolated 
topological superconductor, /? is the inverse temperature, 
/3 = 1/T (we use the energy units for the temperature T, 
i.e., fee = 1) and Gia,i'a'i^n) are the Fourier transforms 
of the quantum dot imaginary time Green’s functions, 
Q{iaT\i'a'T') = {T dia{T)di>a>iT')) (here i = p,h and 
dpair) = dj),(T), dha{T) = dair) and the angular brack¬ 
ets stand for the thermal average), taken at the discrete 
Matsubara fermionic frequencies = 7r(2n -|- l)/hj3. 

Choosing the the single-particle states |a) such that 
haa' = daa'^a the imaginary time Green’s functions be¬ 
come diagonal and Eq. Q reduces to 


n — HtS + oq 'y^,^^{Sahv{^ri)Gahp{^n) 

Q;,n 

~ Sapp{^n)Gapp{t^n)]- 

From Eq. ([^ we find the entropy S = —dGl/dT, 




cosn 


( 2 ) 


( 3 ) 


where 

Ga(e) 


G^,p{-e)G^,p{e) - 
G^Hpi-^)Gi,p{e) - Gf ,,(-c)G^,,(e)' 
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FIG. 2. Tunneling entropy S' as a function of the temperature 
T/r for different values of the overlap energy ^/F of the Ma- 
jorana bound states. The other parameters are ed/F = —50.0, 
r]/T = 2.0. The purple curve shows the tunneling entropy for 
a normal quantum dot that is the one which is not coupled 
to any topological superconductor. As expected for a system 
with a discrete spectrum, S has plateaus. When the overlap 
of the two Majorana modes is strong, there are only stan¬ 
dard plateaus with integer values of exp(S) similar to normal 
quantum dots (purple curve). However, when the overlap of 
the Majorana bound states is weak, there appears additional 
plateau with a non-integer value of exp(S') equal to '/2. 


In Eq. G^’^, (e) are the Fourier transforms of the di¬ 
agonal Aments of the quantum dot real time retarded 
and advanced Green’s functions, iG^-^{iat\i'a't’) = 
±0(±t =F t'){{dta(t): 

We now apply the general Eqs. ^ and Q to the case 
when the quantum dot has a single energy level Cd- The 
normal fermions in the quantum dot are characterized 
by the spin index, |a) = jcr), and, as in Ref. m , we as¬ 
sume that only one spin component couples to the normal 
metallic contacts and topological superconductor {rja- is 
zero for one spin component and is equal to 77 for the 
opposite one). The single-particle index and summation 
over it are then irrelevant in Eq. 

To find the retarded and advanced Green’s functions 
we construct the Keldysh field integral [22], perform the 
Keldysh rotation to get the the retarded-advanced struc¬ 
ture of the Keldysh action, integrate out the fermionic 
degrees of freedom of the normal metallic contacts and 
topological superconductor and take the retarded and ad¬ 
vanced elements in the inverse matrix of the Keldysh ef¬ 
fective action. 

For simplicity we assume that all the normal contacts 
are described by the same quantum numbers k = {r, cr} 
(r is the orbital part and cr is the spin part) and are 
characterized by a constant density of states vc- Ad¬ 
ditionally, to simplify the calculations we assume that 
Tira,cr' = dacr'Tia {Tier IS zero for the Same spin compo¬ 
nent for which r]a is zero as mentioned above). We then 



FIG. 3. Tunneling entropy S (green curve) is the sum of 
three contributions: the entropy of the quantum dot 5'qd 
(black curve), the entropy of the topological superconductor 
Sts (blue curve) and the entropy of the tunneling interaction 
between the quantum dot and topological superconductor St 
(red curve). The characteristic energies Ti, T 2 and T 3 (see 
the main text) indicate the temperature ranges where St has 
the positive and negative plateaus with the absolute value 
ln[2°'®]. Here ^/F = 10“^. The other parameters have the 
same values as in Fig. 


obtain: 


rR _ 2n{-A\r,\^e-ie-e^)[ir + 2{ed + e)]} 



-Shrike 

~ 1 W 


/^R 

^hh 


ie) 


- 8 h{r]*)^e 

/(e) 


f{e) = {T^+4el)e-iiTe{2M^+e)- 

- e^[16|r7|2 + r^ + 4(e^ -b ^^)] + KFe^ -p 4e^ 


(5) 


and G)^p(e) = [G« (e)]*, G^^{e) = [G«Je)]*, G^ie) = 
[G« (e)]*. In Eq. (g) F = Fl + Fr and F, = 7rzcc|T/|A 
Using Eqs. (|^, (^ and ([^ one can calculate the en¬ 
tropy of the quantum dot: 


5 = In 
1 


SttT^ 


cosh —- 
2T 


de- 


2T 

e/’(e 


-iTT<^anh( — )-bln( 2 )-b 


( 6 ) 


'—00 cosh \ 2 T/ 


where (^(e) is the phase of the following complex function: 


Gl{-e)G^,{e) - G)f,(-e)G« (e) = p(e)e*^W. (7) 


III. RESULTS AND DISCUSSION 

As it is known from statistical physics |23|, a macro¬ 
scopic state of a system is a collective result of a certain 
number of its microscopic states. This number is pro¬ 
vided by the system’s entropy S and is equal to exp(S'). 
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FIG. 4. The tunneling entropy S as a function of the tem¬ 
perature r/r for the case Nts = 4. The overlap energies 
of the topological superconductors are the same, ^/T = 10“^. 
The other parameters have the same values as in Fig. [^where 
now rj should be understood as the total tunneling strength 
between the quantum dot and topological superconductors. 
As expected, the tunneling entropy has two plateaus with 
non-integer values of exp(S') equal to 2°'® and 2^'®. 



FIG. 5. The tunneling entropy S as a function of the tem¬ 
perature T/r for the case A^ts = 10. The overlap energies 
of the topological superconductors are the same, C/F = 10“^. 
The other parameters have the same values as in Fig. [^where 
now T] should be understood as the total tunneling strength 
between the quantum dot and topological superconductors. 
As expected, the tunneling entropy has two plateaus with 
non-integer values of exp(S') equal to 2°'® and 2®'®. 


When the temperature is increased, more and more high 
energy states will be involved in the macroscopic state 
and the entropy will grow. If the system’s spectrum 
is discrete and the distance between the levels is large 
enough, then in certain temperature intervals the en¬ 
tropy will not change, i.e., its temperature dependence 
will have plateaus on which exp (5) is integer showing 
how many microscopic states are involved in the tem¬ 
perature interval of a given plateau and on the last, the 
highest, plateau the quantity exp(5') will provide an in¬ 
teger number equal to the dimensionality of the Hilbert 
space of the system. 

However this standard picture described above changes 
drastically as soon as the system’s normal fermions are 
entangled with Majorana fermions via a certain mech¬ 
anism. In the present case this entanglement happens 
via the tunneling of the strength ry between the quan¬ 
tum dot and topological superconductor. As shown in 
Fig. i in the absence of the Majorana fermions (the 
lowest purple curve) the quantum dot entropy has two 
standard plateaus with integer values of exp(iS') equal to 
1 and 2 corresponding to the two possible states of the 
quantum dot with one or zero electrons. Similarly, as 
one can see in Fig. when the quantum dot is coupled 
to a topological superconductor whose Majorana modes 
strongly overlap (the black curve, C/r = 10 “^) the en¬ 
tropy has plateaus only with integer values of exp(S'). 
The role of the Majorana fermions in this case is just in 
the doubling of the dimensionality of the Hilbert space 
and in the formation of the plateaus with even values of 
exp(iS'). However, when ^/F gets smaller and the Majo¬ 
rana bound states overlap weakly there appears a plateau 
with a non-integer value of exp(S') which is equal to v^- 


This Majorana plateau represents a signature that the 
Majorana modes are well separated and strongly entan¬ 
gled with the normal fermions in the quantum dot whose 
macroscopic state at low temperatures represents now a 
collective result of the Majorana microscopic states. 

To better understand the relevant physics and to see 
its non-trivial Majorana content the tunneling entropy S 
might be conceived of three contributions, S = S'qd + 
'S'ts + St coming from the quantum dot, S'qd, from the 
topological superconductor, Sts, and from the tunnel¬ 
ing interaction between the quantum dot and topological 
superconductor, St. There are three characteristic en¬ 
ergy scales, Ti - eim{-r]/\ed\)]/r]'^, T 2 ~ ^ and 

T 3 ~ r]‘^/2\ed\ shown in Fig. When ^ decreases, tun¬ 
neling events involve essentially one Majorana fermion. 
On one side, during tunneling events the Dirac fermions 
of the quantum dot transform into the Majorana fermion 
and vice versa. Such tunneling processes lead to an effec¬ 
tive reduction of the number of the fermionic degrees of 
freedom. As a result, St is negative in the temperature 
range from T 2 to T 3 (red curve in Fig. leading to a 
decrease of S in this temperatures range from S = ln(2) 
(the value it would have had without the tunneling) down 
to S = ln(2)/2. On the other side, when ^ is small, 
the multiple tunneling processes between the quantum 
dot and topological superconductor give rise to a quan¬ 
tum state where the Dirac fermions of the quantum dot 
are hybridized with the single Majorana fermion of the 
topological superconductor in such a way that this new 
quantum state has a fractional number of degrees of free¬ 
dom and is responsible for the formation of the entropy 
plateau S = ln(2)/2 in the temperature range from Ti to 
T 2 (red curve in Fig. |^. While it would be reasonable 
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FIG. 6. Specific heat cy as a function of the temperature 
T/T. Part a) shows the specific heat for a normal quantum 
dot while Part b) shows it for a Majorana quantum dot with 
different values of the overlap energy ^/F of the Majorana 
bound states. The other parameters are as in Fig. The 
plateau shape of the tunneling entropy of a system with a dis¬ 
crete spectrum gives rise to a set of peaks in the specific heat. 
As the overlap of the Majorana bound states gets weaker, in 
addition to standard peaks there develops the Majorana left¬ 
most peak which becomes the first low temperature peak of 
the specific heat. 


to expect that for this hybridized state the number of 
degrees of freedom should be between 2 (Dirac fermion) 
and \/2 (Majorana fermion), it is surprising that in the 
present case it is equal to v^. In other words, from the 
point of view of the number of degrees of freedom the 
hybridized state could have been interpreted as a pure 
single Majorana fermion. However, what is more im¬ 
portant and highly non-trivial is the fact that the both 
processes, the decrease of the entropy in the temperature 
range between T 2 and T 3 and its increase in the tempera¬ 
ture range between Ti and T 2 , happen in such a coherent 
way that there develops a single plateau of the tunneling 
entropy S — ln(2)/2 in the temperature range from Ti 
to T 3 . The necessary condition for the validity of our 
analytical estimate made above for the orders of Ti, T 2 
and T 3 as well as for the formation of a plateau with a 
non-integer value of exp(S') is obviously Ti ^ T 2 <C T 3 
which is the case for small ^ or/and large ry. 

From the discussion above it is obvious that the sit¬ 
uation with a single plateau on which exp(S') takes a 
non-integer value is exceptional because it takes place 
only when the quantum dot is coupled to just one topo¬ 
logical superconductor. Indeed, one might consider a sit¬ 
uation when the quantum dot is coupled to IVts > 1 
topological superconductors. This is experimentally rel¬ 
evant because the quantum dot with a single level Cd 
represents just a model of the low energy spectrum of a 
large macroscopic system whose size is much larger than 
the relevant size of the topological superconductors and, 
therefore, this macroscopic system may easily be coupled 



FIG. 7. Specific heat cy as a function of the exponent 
of the tunneling entropy, exp)^). In this representation the 
specific heat has the standard minima at integer values. Part 
a) shows that for a normal quantum dot these minima are 
located at 2° and 2^. However, in a quantum dot coupled 
to a topological superconductor in addition to the standard 
minima at 2°, 2^ and 2^ there appears an additional Majorana 
non-integer minimum at 2°'® as shown in Part b) for weakly 
overlapping Majorana modes, ^/P = 10“^. When the two 
Majorana bound states strongly overlap the Majorana non¬ 
integer minimum disappears as shown in Part c) for ^/P = 
10“®. The other parameters are as in Fig. 


to many topological superconductors. Since the Majo¬ 
rana modes in different topological superconductors are 
independent (in contrast to the Majorana modes in the 
same topological superconductor), their contribution to 
the tunneling entropy does not depend on the parity of 
IVts and, therefore, plateaus with non-integer values of 
exp(S') are expected also for any IVts > 1 - In the case 
when the overlap energies of all the topological super¬ 
conductors are approximately the same it is obvious that 
there will be two Majorana plateaus with S'/ln(2) = 1/2 
(between Ti and T 2 ) and S'/ln(2) = IVts — 1/2 (between 
T 2 and T 3 ). When A^ts = 1, Nts — 1/2 = 1/2 and there 
is only one Majorana plateau. However, A^ts~ 1/2 >1/2 
for A^ts > 1- The latter case is shown in Figs, [^andj^ 
for A^ts = 4 and A^xs = 10 : respectively. 

The negative contribution to the entropy and the for¬ 
mation of the hybridized state discussed above arise from 
the tunneling interaction and represent a general mech¬ 
anism which will take place in other normal systems 
(not necessarily quantum dots) having tunneling contacts 
with Majorana systems. The thermodynamic analysis 
above leads to the following general result. Since in equi¬ 
librium the entropy S is maximal, we conclude that the 
decrease of the entropy S induced by the tunneling in¬ 
teraction in the temperature range between T 2 and T 3 
has a fundamental consequence that tunneling contacts 
between normal systems and Majorana systems would 
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FIG. 8 . Specific heat cv as a function of the exponent of the 
tunneling entropy, exp(5'), for the case A^ts = 4, ^/F = 10~^. 
The other parameters have the same values as in Fig. [^where 
now r] should be understood as the total tunneling strength 
between the quantum dot and topological superconductors. 
As expected, in addition to the standard minima at 2°, 2* and 
2® there appear two additional Majorana non-integer minima 
at 2 °'® and 2 ^'®. 



FIG. 9. Specific heat cy as a function of the exponent 
of the tunneling entropy, exp(S'), for the case Nts = 10, 
^/F = 10“^. The other parameters have the same values 
as in Fig. where now rj should be understood as the total 
tunneling strength between the quantum dot and topological 
superconductors. As expected, in addition to the standard 
minima at 2°, 2^° and 2^^ there appear two additional Majo¬ 
rana non-integer minima at 2°'® and 2®'®. 


eventually vanish in this temperature range and their 
longstanding existence would be possible only due to an 
external work or a metastable state (which could have a 
very long lifetime). 

We further calculate the specific heat Cy = TdS/dT 
which is shown in Fig. In the absence of the Majorana 


fermions. Fig. [^a), the specific heat has a single peak 
corresponding to the transition between the two integer 
plateaus of the entropy. This peak remains when the 
quantum dot is coupled to a topological superconductor. 
Fig. § b). For the case of the strongly overlapping Ma¬ 
jorana modes (the black curve) there are two standard 
peaks corresponding to the transitions between the inte¬ 
ger plateaus of the entropy. For the weakly overlapping 
Majorana bound states there appears the third peak in 
the specific heat. This Majorana peak is induced by the 
formation of the Majorana plateau in entropy and repre¬ 
sents the first low temperature peak of the specific heat. 

The specific heat is a physical observable which can be 
experimentally measured. The temperature dependence 
of the entropy can be recovered from the temperature 
dependence of cy. The specific heat then may be plotted 
versus the exponent of the entropy, as it is done in Fig. 

This representation is very instructive. In systems 
with only normal fermions. Fig. [^a), the specific heat 
has standard minima only at integers. However, when 
the Majorana fermions strongly govern the low energy 
physics of the quantum dot, the specific heat acquires an 
additional Majorana minimum at a non-integer number, 
Fig. 0b) , equal to \/2. This non-integer minimum of the 
specihc heat disappears when the two Majorana modes 
strongly overlap as it is demonstrated in Fig. 0c). 

In spite of the fact that the Majorana plateau is small 
(of the order of in SI units) it can be recovered from 
the specific heat already in modern experiments and from 
values of the specific heat which are even smaller than 
the ones predicted in Fig. Indeed, in experiments of 
Ref. [23] a very smooth entropy curve below and above 
ln(2)/2 is recovered from the experimental measurements 
of the specific heat which is the quantity used in the 
integration. This definitely means that already nowadays 
high precision measurements of cy are possible and may 
allow to resolve the Majorana plateau and one naturally 
expects that in the near future experiments will become 
even more precise. 

Moreover, the Majorana non-integer entropy plateaus 
can be experimentally recovered using several topological 
superconductors iVxs > 1 as discussed above in connec¬ 
tion with Figs, j^an di Indeed, as it is obvious from Figs. 
[^ and the specific heat coming from the transition be¬ 
tween the two non-integer Majorana plateaus will grow 
with A^ts- Therefore, it will be even easier to experimen¬ 
tally detect the corresponding peak in the specific heat 
and its two non-integer edges as it is shown in Figs. 
and [^ for TVts = 4 and IVts = 10 , respectively. 

Concerning the temperatures at which the Majorana 
non-integer plateau can be experimentally observed we 
find that it may be visible already at T/F = 5 • 10“^ as 
shown in Fig. |10[ This temperature is well within the 
range of modern experiments. Indeed, for F « A (A is 
the induced superconducting gap) one obtains T Ki \K 
for A = IbmeV from the experiments of Ref. |25|. The 
temperatures T « 1 AT are easily reachable in modern 
physical laboratories. Even with A = 250 ^eV from the 
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Temperature, Tjr 


FIG. 10. Tunneling entropy S' as a function of the tem¬ 
perature T/r for different values of the overlap energy ^/F 
of the Majorana bound states. The other parameters are 
td/F = —1.0, 77 /r = 2.0. The standard integer plateau with 
exp(S) = 2 ^ is washed out by the significantly expanding non¬ 
integer Majorana plateau with exp(S) = \/2 which is visible 
already at T/F = 5 • 10“^. 



FIG. 11. Linear conductance cjl as a function of the expo¬ 
nent of the tunneling entropy, exp(S). In this representation 
the linear conductance has the standard minima at the inte¬ 
ger values 2°, 2^ and 2^. The two Majorana modes overlap 
weakly, ^/F = 10“^, and this results in a Majorana unitary 
maximum, err, = e^/2/i, at the non-integer value \/2. The 
other parameters are as in Fig. 


experiments of Ref. m one gets T « 15 mK which is 
within modern experiments as well. 

Finally, let us consider an application of the thermody¬ 
namic analysis to the transport properties. For example, 
the linear conductance, ctl, which is a transport prop¬ 
erty characterized by an equilibrium state of the quan¬ 
tum dot, may be found as the derivative ctl = dljdV of 
the current. 


cF 

I = J * Im[G'^p(e)]K(e) - n^iie)], 

«'R,L(e) exp[/3(e ± et7/2)]-I-1 ’ 


( 8 ) 


with respect to the voltage V at V = 0. In Eq. ([^ e is the 
electronic charge and nFt_L(e) are the Fermi-Dirac distri¬ 
butions in the right and left normal metallic contacts and 
we have assumed Fl = Fr for simplicity. When the two 
Majorana bound states in the topological superconductor 
overlap weakly the linear conductance at low tempera¬ 
tures reaches the unitary maximum e^/2/i, where h is the 
Planck’s constant. In many recent publications HMD 
it is argued that this unitary maximum is a result of the 
tunneling coupling of the quantum dot to the topological 
superconductor. Our results provide an alternative ther¬ 
modynamic explanation based on the structure of the 
macroscopic state of the quantum dot. As it is shown 
in Fig. [g the linear conductance as a function of the 
exponent of the entropy reaches the Majorana unitary 
maximum at the non-integer value exp(S') = y/2 which 
corresponds to the Majorana plateau in Fig. This 
shows that the unitary maximum of the linear conduc¬ 
tance is a consequence of the quantum dot macroscopic 
state composed of a non-integer number of microscopic 
states, corresponding to the half-fermionic value of the 
entropy, and that the temperature range of the linear 
conductance unitary maximum coincides with the tem¬ 
perature range of the non-integer Majorana plateau of 
the tunneling entropy. 


IV. CONCLUSION 


To conclude, we would like to emphasize two aspects 
of our work which are fundamental for the Majorana 
physics in general but currently not well explored. Our 
results demonstrate the fundamental role of the entropy 
in the deep physical understanding of macroscopic states 
of systems coupled to Majorana bound states and, as a 
result, in the deep physical understanding of the behav¬ 
ior of their observables. Therefore, the thermodynamics 
of such systems represents on one side an independent 
research field with its own, thermodynamic, signatures 
for Majorana fermions and on the other side it provides 
a connection to other fields, such as transport, advancing 
their further understanding on a deep fundamental basis. 
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